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Structural buckling under dynamic loads may occur at load levels that are less than the corresponding static loads.
Presence of local geometric imperfections may induce an early buckling for both static and dynamic loadings. The
phenomenon of “dynamic weakening” is studied for a general class of shell structures under a general class of
time-dependent loadings. A doubly curved quadrilateral Love-Kirchhoff shell finite element is used. Geometric
deviations of the shell middle surface are included within the element formulation by suitably modifying the strain-dis-
placement relations. This is accomplished by retaining additional terms that are quadratic in spatial derivatives of
imperfections and displacement components. The nonlinear equations of motion are written in the Lagrangian system
and are solved by using an incremental algorithm based on Newmark’s generalized operator. The dynamic responses
up to buckling are obtained for a perfect spherical cap and an imperfect spherical cap both under external pressure,
as well as a complete imperfect sphere under external pressure. Numerical results include the effects of amplitude of
imperfection and thickness of shell on the dynamic buckling loads. The formulation is general and can be applied to
obtain the dynamic buckling responses of a wide variety of shell structures.

Introduction

YNAMIC buckling is defined as the threshold load at

which large increases in peak amplitude of the average
dynamic displacement occur. It is an important cause of struc-
tural failure and has constituted a major field of research in
structural mechanics.

The study of dynamic buckling of shells has largely been
conducted for the case of spherical caps. The dynamic snap-
through of clamped spherical caps was analyzed by Humphrey
and Bodner! for impulsive loading and by Budiansky and
Roth? and Simitses® for step loading using the Rayleigh-Ritz
method. Archer and Lange* used a numerical technique based
on the finite-difference method. Other numerical solutions of
this problem were given by Huang,® Stephens and Fulton,®
Stricklin and Martinez,” Stricklin et al.,® and Ball and Burt.’
Experimental results were obtained by Lock et al.'® All of these
studies were done for the case of axisymmetric snap-through
behavior. The asymmetric behavior has received some atten-
tion, and the perturbation approach was utilized to treat the
asymmetric deformation mode.!!

The effect of initial imperfections on static shell buckling
analysis has received much attention, and some of the later
reviews of these efforts are by Bushnell,'? Babcock,'® and Ka-
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pania and Yang.'* The dynamic buckling of an externally pres-
surized imperfect sphere was presented by McNamara and
Marcal.’® Dynamic buckling curves for imperfect spherical
caps clamped at the ends were given by Kao and Perrone,'¢ and
a perturbation analysis for imperfect cylindrical shells was
given by Lockhart.!” Review papers on the subject of dynamic
buckling of shells were given by Holzer'® and Jones.!

In this paper, a finite-element analysis of the dynamic buck-
ling response of a general class of shells with arbitrary pre-
scribed geometric imperfections is presented.” A 48-degree-
of-freedom (dof) doubly curved quadrilateral Love-Kirchhoff
shell finite element whose formulations include the effect of
geometric imperfections is used. Both the geometry and the
imperfections are defined using variable-order polynomials, al-
lowing a wide variety of shells with general imperfections to be
treated. The developments are not limited to analysis of re-
stricted geometries, e.g., axisymmetric, or special imperfec-
tions, e.g., sinusoidal.

To account accurately for rigid-body modes, the Cartesian
displacement components are used to express the shell dis-
placements. The capability to accurately include the rigid-body
modes is essential if the element has to be used for problems
that entail large displacements.?® The present element is an
extended version of the element formulated by Moore et al.!
and Yang and Saigal® to study the linear and geometrically
nonlinear behavior of perfect shells of arbitrary shape.

The strain-displacement relations for imperfect shells are
represented in terms of Cartesian displacement components
and are an extended version of the strain-displacement rela-
tions given in tensorial form by Niordson?? for perfect shells.
The nonlinear effects are included using an incremental formu-
lation based on the Lagrangian mode of description of motion. -
The resulting equations are linearized and solved by using a
numerical integration procedure based on Newmark’s general-
ized operator. Adequate validation of the present develop-
ments is done by a detailed study of dynamic buckling
responses of a clamped spherical cap under external pressure
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and a complete sphere under external pressure. Results are
obtained for various imperfection amplitudes and thicknesses
of the shells with good agreement with existing alternative solu-
tions. An important contribution of the present study is the
inclusion of geometric imperfection within an element formula-
tion in a finite-element displacement model. This prectudes the
difficulties encountered in ensuring continuity of displacements
across element junctions when imperfections are modeled by
suitably arranging elements in finite-element discretization!® of
the structure.

Shell Finite Element

Strain-Displacement Relations

The shape of the shell is defined by the middle surface of the
shell and the thickness A. The middle surface, which is smooth
but otherwise of arbitrary shape, is defined by a vector r, which
is given as

r=x'e; i=123 (N

where x'is a fixed Cartesian coordinate system in three-dimen-
sional space in which the middle surface is embedded, and e;is
a unit vector in the x’ direction.

The middle surface is also described by means of a system of
parametric relations ’

x'=£16".6% 2

in which the parameters 6 (¢ = 1,2) serve as coordinates on
the surface and can be regarded as being an arbitrarily selected
system. The two base vectors a; and a, are obtained as deriva-
tives of r with respect to each component 8¢ and are denoted by

a, ie.,
of!

FYrd =fue 3)

a, =F,, =

The unit normal to the surface a; is given as

a, X a X
a,=——2—n'e )
|a, x a,
where
n'=ceufi f5 &)

e, is the alternating symbol, and

'=1/\/a (6)

c=[la; x af] -

and
a a
g =t e 6
az  Qxn
where
aozB = auaﬁ =f;c'zf;:3 (8)

a, is the metric tensor, and it yields the first fundamental form
of a surface

ds? = a,; d0* d6* 9)

where ds is the distance between two neighboring points at
and 0* + d0* (« = 1,2). Similarly, the second fundamental ten-
sor or the curvature tensor of the surface, b, is given as

o

boz[:? .50“69" nl >£¢/§ (10)

A point on the middle surface with the coordinates §* has the
Cartesian coordinates f(0',62) in the initial state. After defor-
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mation, the same point has the Cartesian coordinates f'+ i/,
where #’ are the Cartesian components of the displacement
vector, and give complete information about the deformation
of the middle surface.

In the deformed state, the fundamental and the curvature
tensors take the form 4,; and b,,, respectively.

dsz = (f+ ul)’a (.}n+ ui)aﬂ zf:;f—:lﬁ (11)
bog =1 fiip (12)

where
Al = (@) e T T (13)

The value of (@) ~2 can be approximated as
1 _1
@72=(@ 71 - (4/a)]
where
A = (61102 + a5y — 281a,5) (14

In Eq. (14), &,; are the tangential strain measures, and are
given as

Z(f;zx ’B+u’ufﬁ+uw uﬂ), 1—123

(15)

The terms w,., and u,} are the nonlinear terms that are neglected
in linear analysis but are retained in the present study.
The curvature measure is given as

Expg = %(&aﬁ uﬂ)

ozﬁ = (botB zxﬂ) + %(bi 8[35 + bg 80(5) (16)
The final expression for k4 is obtained by substitution of rela-
tions given in Egs. (12-14) into Eq. (16) and neglecting the
nonlinear terms in the derivation of curvature.

Imperfect Shells
For the case of an imperfect shell, let »* be the Cartesian
components of the imperfection at a given point on the shell
surface. The Cartesian coordinates of the given point in an
undeformed configuration then become ( ' + v%), and after de-
formation the same point will have the Cartesian coordinates
as (f'+ v’ + u’). The tangential strain measures then become

saﬁ = %[(f‘l_ Ui + ui)m(.fi+ Ui+ ui)’li - (f+ Ul)m(.fi+ v’)?ﬂ]
= 3(fok tofs + Sy ok Ul oy + 0,5 15 0,5 L) a1

In this study, the effects of imperfections on the curvature-dis-
placement relationships are ignored. This assumption is the
same as that made by Koiter.24

Element Geometry and Imperfections

The thin-shell finite element is quadrilateral in shape and has
four corner nodal points. The middle surface of the shell finite
element is assumed to be described by a polynomial function.
The Cartesian coordinates x!, x2, and x* and the imperfections
vl, v2, and v® of the middle surface of the shell finite element
can be described by polynomial functions of the curvilinear
coordinates £ and # with a total of N terms.

N
xEm) =Y ;&g (18)
j=1
N .
viEm =Y &M, i=123 (19)
j=1

where the constants m; and n; define the power of ¢ and 9,
respectively, for the jth term The constants c; and - are solved
based on the coordinates x’ and 1mperfections v’ (1 =1,2,3) at
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N selected points on the middle surface of the shell element. If
the points are equidistant from each other, one can use the
Lagrangian interpolation polynomials. Similarly, one can also
employ B-spline and rational B-spline polynomials to represent
the shell surface and the imperfections.

Strain Energy and Element Matrices Formulations
The functional of the total potential eénergy can be written as

Ju) = J {Wlop() Jeog@)] — p'u'} /a d61d6>  (20)

where W is the stram energy den51ty per unit undeformed mid-
dle surface of the shell, and is given as

1 h
W= 3 H“’gl“(s“,;slu +— ka,; klﬂ> 2y
with the tensor of elastic moduli

Eh
2(1+v)

«pAs _

2
l:a“)'aﬁ” + a*af* 4+ T v a“’sa’“‘] (22)

In Eq. (22), E is Young’s modulus and v is Poisson’s ratio, a**
are the contravariant components of the metric tensor and are
related to a,, through the relation

a“’law =5; (23)

where 6% is the Kronecker symbol. The p! are the Cartesian
components of the applied pressure in three directions.

It is noted that the constitutive equations are defined by the
partial derivatives of We.p. k) with respect to the strain mea-
sures £ and k.

ow a

680,,3 =N7= i P 20

oW h?

% ﬁ:M“ﬂ.:—lz H“B;‘“klﬂ 24)

Here N*f is the stress resultant tensor and M is the stress
couple tensor. In this study, the incremental solution procedure
was used. Only a brief descnptxon of the derivation of the
tangent stiffness matrix is given. A detailed description of the
derivation of the incremental equations of motion can be found
in Refs. 25 and 26. Since total Lagrangian formulation is used,
all field quantities of shell deformations are referred to the
known undeformed shell middle surface. Let u be the displace-
ment vector of a material point in the undeformed shell middle
surface to its position in the deformed configuration. Let # be
the incremental displacement vector of the same point.
Referred to the undeformed middle surface, the displace-
ment field of the final configuration can be expressed as

u=u+4 (25

The middle surface strain tensor &,; and the curvature tensor
are given as

bap = Eup + g (26)

kaB = Emﬁ + Eaﬁ (27)

where £, is obtained by substituting # in Eq. (17). Slmllarly,
kg and £, s €an be obtained by substituting # and 4, respec-
tively, in Eq. (16) after using Egs. (12-14).

Because of the presence of nonlinear terms in Eq. (17), Eup
cannot be obtained by merely substituting # in Eq. (17): Itis a
function of both # and 4.
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It can be seen that the incremental strain tensor is given as
éocﬂ = Eaﬁ(l'!) - Eaﬁ(l’:l)
= J( Sl iy + S ol + ol By + Lol 10y
+ap i, + ol 0+ vh k) (28)

From Eqgs. (16) and (28), we can write the expression for incre-
mental strain and curvatures as

{de) = { } Uo+ 4, + @12} (29
aff

where A, is the same matrix as in linear infinitesimal strain
analysis, 4, the matrix due to imperféctions, and 4, depends
upon the displacements {i}.

The three components of the incremental displacement vec-
tor are related to the élement degrees of freedom {4} through
the element shape functions [N]

{d} =[Nl{4.} (30)
Substituting Eq. (30) in Eq. (29), we get

{de} =[Bo + B, + Br(q)]{d.} (3D

The tangent stiffness matrix is given as

lks] = Jf [Bo + B; + B1(q.)]" [D]

[Bo+ B, + By(g.)]y/a 40" 46> + f [GI"HI[G]/a 6" dp>

(32)

In Eq. (32), [D] is the 6 x 6 stress-strain matrix as given by Eq.
(24). The second integral yields the well-known incremental
stiffness matrix. The matrix [G] is given as

?ﬂaé 5 uaZ]T [G]{qe} (33)

The matrix [H] is given as

1 00

H, H ‘

[H]=[' H ‘2}; Hy=N*[0 1 0 (34)
H21 H22 0 0 1

The incremental load vector {3,} is given as

af
(B} ={p) — f [Bo + B, + B,@)] {zﬁ((‘;))} Ja do' 4o?
g ‘ (35)

where {p,} is the total applied load vector and the second term
yields the total internal load vector.

The formulations of matrices in this section were checked by
performing the limit load analysis for a complete spherical shell
with modal imperfections of wave number 16 given by

a = —agh P ¢(cose)

where P, is the Legendre polynomial of order 16 and ¢ is the
angle between the pole and a point on the meridian of the
petfect sphere. The imperfection-sensitivity as a function of the
imperfection wave number was discussed by Hui and Leissa.?’
The geometric and material data for the sphere are shown in
Fig. 1. Due to axisymmetry, a 10- deg segment of the upper half
of the sphere was modeled using nine equal elements. Figure 1
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Fig. 1 Imperfection-sensitivity of a pressure-loaded complete spherical
shell. '

+ P/PCR=0.43
+ P/PCR=0.44%
: P/PCR=0.45
: P/PCR=0.46
: P/PCR=0.60

& X .+ D> G

APEX DEFLECTION (IN)

-.05

0. 50. 100. 150, 200.
TIME X 3.927£-06 (SEC)

Fig. 2 Dynamic responses up to buckling of a clamped, geometrically
perfect, spherical cap under step uniform external pressure.

shows the nondimensional limit buckling pressure P, [ =2E(h/
R)?//3(1 - v?)] for different values of a,. For comparison,
some alternative solutions were also shown: by Koiter*® using
the initial postbuckling analysis, by Kalnins and Biricikoglu,*
by Hutchinson,* and by Tong and Pian.?! The present results
are closer to those obtained by Tong and Pian®! in the region
of a; < 0.4.

Nonlinear Dynamiics and Solution Procedures

The linearized increméntal equations of motion for an as-
semblage of nonlinear finite elements are given as®

IMI{O(t + AD} + [CHOG + An)}
+ [KADHAQ} = {F{t + An)} — {R(1)} (36)

where [M] and [C] are the mass and damping matrices, respec-
tively; [KA{?)] the tangent stiffness matrix at time ¢
{0@t + An}, {O(t + Ar)}, and {Q(r + Ar)} the vectors of nodal
displacements, velocities, and accelerations at time ¢ + At, re-
spectively; {AQ} {0t + An} — {Q(n)} the vector of displace-
ment increment; {F(t + Af)} the vector of applied loads at time
t -+ At; and {R(7)} the vector of nodal forces corresponding to
element stresses at time ¢.

The solution of Eq. (36) yields only approximate displace-
ment increments {AQ} To improve the solution accuracy and,
in some cases, to prevent the solution instabilities, iterations to
achieve equilibrium at the end of each or some preselected time
steps may be performed. For an iterative step i, the equilibrium
equations are expressed as

IMI{O( + AD}Y + [CI{Q( + AD}Y + [KAD{AQ}
= {Ft + AD} — {R( + AD} ! (37)

where {Q(t + At)} and {Q(z + An)} are the approximations to
the accelerations and velocities, respectively, obtained in itera-
tion i and depend on the numerical time integration scheme
used. The vector of nodal point forces {R(¢ + Af)}'~* is deter-
mined from the element stresses in the configuration corre-
sponding to displacements {Q(r + A}, Consistent
formulations were used in this study to determme the mass
matrix.

In the present study, Newmark’s scheme for numerical inte-
gration is used to determine the nonlinear responses. For each
time step, modified Newton-Raphson iterations are applied to
achieve equilibrium at the end of that step. A detailed al-
gorithm for this scheme can be found in, for example, Ref. 25.
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Fig. 4 Dynamic responses up to buckling of a clamped, imperfect
(W, = 0.5) spherical cap under step uniform external pressure.

: P/PCR=0.175
¢ P/PCR=0.185
: P/PCR=0.200
: P/PCR=0.210

X + > Q

APEX DEFLECTION C(IN)

0. 50. 100. 150. 200.
TIME X 3.927E-06 (SEC)

Fig. 5 Dynamic responses up to buckling a clamped, imperfect
(W, = 1.0) spherical cap under step uniform external pressure.

Fig. 6 Hemisphere of externally pressurized imperfect complete sphere.

R=0812in, «=10deg, R/Ry,,=1.15, E=10.6x 105psi, v=
0.274,
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The iterations for every incremental time step were terminated
when the following convergence criterion was satisfied:

1

<Z (AQ,*)Z/ » (Q,’-)2>2SO.01%

i=1 i=1

where the subscript i is the dof number and N is the total
number of dof’s of the finite-element modeling, the superscript
r is the iterative cycle number, AQ is the displacement incre-
ment, and Q is the accumulated displacement.

Numerical Results

The dynamic response up to buckling of a spherical cap and
a complete sphere were obtained using the present formula-
tions. Qualitatively, if the time histories of the modes of defor-
mation are given for several levels of a constantly applied load,
the critical buckling load can simply be identified as the load at
which a large increase in the amplitudes of the deformations is
seen to occur.3? Following such a procedure, the time histories
of peak responses of various shells were obtained to determine
the state of dynamic buckling. Descriptions of dynamic buck-
ling criterion are given in, for example, Refs. 16 and 32.

All results presented in this paper were obtained using a
CYBER 205 supercomputer at Purdue University.

Spherical Cap Without Imperfections

A clamped spherical cap, shown in Fig. 2, under step exter-
nal pressure and without initial geometric imperfections was
first studied. The nondimensional quantities for this cap are:
q = P|P,, P, =4Eh*/R’m? m*=12(1 —v?), where P is the
applied external pressure, E the modulus of elasticity, v Pois-
son’s ratio, & the thickness, and R the radius of the cap.

Due to axisymmetry, six elements were used to model a
10-deg sector of the cap. A time step Az = 3.927 us was used to
obtain the time histories for the first 785 us of response. The
response histories obtained for the apex displacement are plot-
ted in Fig. 2. Increasing amplitudes of peak response were
observed for P/P_ = 0.44 after 600 us. A value of P/P_, =0.46
was reported as the dynamic buckling estimate of this cap by
Kao and Perrone'® based on interpolation of average displace-
ment measure. Their analysis was based on a finite-difference
mesh and a nonlinear relaxation method for solution of result-
ing nonlinear equations. A good agreement in trends and the
value of the critical load is seen.

Spherical Cap with Imperfections

The spherical cap described in the previous section was next
analyzed with initial geometric dimple-type imperfections
given in the form :

wi = (Woh)(1 — x7)°

where W, is the maximum imperfection that occurs at the shell
apex, x = r/R, and r is the radial distance of a point on the cap
from the axis of the cap. Such imperfection was also used by
Koga and Hoff.** The same finite-element model and time step
as for the perfect spherical cap were used. The time responses
were obtained for the first 785 us for the three cases when
Wy=0.1,0.5, and 1.0. The time histories of apex displacement
for increasing level of external pressure on the cap were shown
in Figs. 3-5 for the three cases, respectively. Sudden jumps in
the amplitude of peak displacement near the critical load were
obvious for the cases when W, =0.1 and 0.5. Such a drastic
change, however, was not seen for W, = 1.0. This trend was
also observed by Kao and Perrone!® using their finite-differ-
ence scheme. The nondimensional buckling pressures obtained
in the present study based on the first 785 us of response histo-
ries were within 7% of those obtained by Kao and Perrone.!®
Closer agreement may have been obtained by studies based on
longer time histories. The present formulations, however, ex-
hibit a good agreement in trends. This investigation confirms
that initial imperfections do have the effect of reducing dy-
namic buckling capacity of spherical caps.
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Fig. 7 Dynamic responses up to buckling of imperfect complete spheri-
cal shell (4 =2.12) under step internal pressure.
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Fig. 8 Dynamic responses up to buckling of imperfect complete spheri-
cal shell (A =3.0) under step internal pressure.

Complete Sphere with Imperfections

The geometry of the sphere is shown in Fig. 6, where the
imperfection is given as a flat section of the shell of radius R,
which is taken to be the mean radius of the oblate portion of
the sphere. The geometric parameter for the shell is defined as
A =12(1 —v?)Y* (R/h)>(R/Rypp) ?ar. This problem was pre-
viously studied by McNamara and Marcal' using high-order
isoparametric elements. The geometric imperfection was ac-
counted for by using separate discretization of the imperfect
portion and by applying a constraint relating the displacements
at two hypothetical nodes® to assure continuity- across the
junction. Using such an approach requires special consider-
ations for different types of imperfections and special solution
algorithms may also be needed. The present developments,
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however, include initial geometric imperfections within the ele-
ment formulations and do not require any special consider-
ations.

A 10-deg segment of the half-sphere was modeled using nine
elements due to axisymmetry. Four of these nine elements were
used in the region of geometric imperfection to accurately
model the imperfection. A time step of 0.3 us was used for
numerical integration as compared to the time step of 0.1 us
used in Ref. 15. The time responses of apex displacement are
plotted in Fig. 7 for increasing values of external pressure.
These time responses are the same as those obtained by
McNamara and Marcal'® for the same values of external pres-
sure (and thus the results of Ref. 15 were not plotted in Fig. 7).
Divergence between the deflection profiles for P/P, = 0.575
and 0.55, where P =2E(t/R)*/[3(1 —v?)]'? as observed in
Ref. 15, is also seen here.

The same sphere was also analyzed by reducing the thickness
of the shell. The number of elements and size of time step for
numerical integration used were the same as in the previous
analysis. The time responses of apex displacements for this case
were shown in Fig. 8. A reduction in the value of critical inter-
nal pressure for dynamic buckling was seen.

Concluding Remarks

A nonlinear analysis has been presented for estimating the
dynamic buckling behavior of thin-shell structures with arbi-
trary geometric imperfections and arbitrary loadings. The
treatment of initial geometric deviations has been included
within the element formulations, thus avoiding the need for
special techniques to treat displacement continuity require-
ments at the junction of imperfect portion with the rest of the
shell.’> Numerical studies have been presented to indicate the
effects of geometric imperfection and shell thickness on the
dynamic response and the critical load for dynamic buckling.
The present examples also indicate, as pointed out by previous
workers, that the critical load decreases with increases in am-
plitude of imperfection and with decreases in shell thicknesses.
The present formulation and analysis method may provide an
effective tool for the nonlinear study of dynamic buckling of
general imperfect thin elastic shells.
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